A numerical approach to the steady-state, space-, angle-and energy-dependent neutron transport equation is presented for neutron shielding calculations.
The scattering integral, with anisotropic treatment of elastic scattering and isotropic treatment of inelastic scattering, is evaluated by the use of Gaussian and straightforward quadratures.
A system of coupled one-group integral equations for all the energy meshes of interest, converted from the energy-dependent integral transport equation, is calculated by performing a line integration along the neutron path in the direction of motion. For this purpose the direction of neutron motion is repre-
The final presentation of the integral transport equation is derived in a difference form convenient for machine computation.
A computation program PALLAS has been written in Fortran IV for IBM 360-75 computer to perform neutron transport calculations based on this approach.
Comparisons are given of the numerical solutions with analytical solutions for unscattered fluxes in various geometries such as plane, spherical and two-dimensional cylindrical, for volume sources with self absorption, and with experimental spectra for angular neutron fluxes in graphite-, polyethyleneand water-shield. Excellent agreement is obtained between the present calculations and analytical or experimental results. INTRODUCTION Neutron flux density is the most fundamental information for the evaluation of neutron shields. Hence considerable effort has been directed in the past to the calculation of neutron-flux density through solution of the neutron transport equation. The problem however is inherently difficult because of the complicated form taken by the equation, involving space, angle and energy variables, so that exact solutions are limited to simplified cases.
A number of approaches have been pro- into account a more exact representation of the spacewise angular and energy spectra as well as the angular distribution of neutrons, and also to deal with higher order anisotropy of elastic scattering and with inelastic scattering calculations on the neutrons, which are of particular importance. For practical shield calculations, the approaches cited above have not served satisfactorily in treating these particular characteristics of shielding problems. Yet practical requirements of radiation transport problems in shielding make it indispensable to obtain numerical solutions to cover individual cases.
The aim of this paper is to present a numerical approach to the practical solution of neutron shielding calculations, to circumvent the difficulties mentioned above. The essential point of our method is to lay aside the use of such current procedures as volume integration of the Green function representation or Fourier-Laplace transform for the integral transport equation, but to resort to line integration of the equation along the neutron flight path in the direction of neutron motion between successive spatial mesh intervals, with discrete-ordinate representation of space, angle and energy variables. Hence space and energy are divided into finite mesh points, and in addition, the direction, represented by the polar and azimuthal angles, is also divided into finite mesh points with roughly equal weights to satisfy the symmetry conditions approximately in their relation to the invariants of the solutions to arbitrary coordinate rotations. As a result the neutronflux density can be evaluated for each set of specific points of spatial, directional and energitic meshes. The underlying feature of the method is quite general, and hence it can quite easily be applied to various geometrical problems.
In Chap. II we will formulate the neutron integral transport equation in its general form to predict the steady-state space-angle energy dependent neutron-flux density at any given position in heterogeneous media. The energydependent integral equation will be converted into a set of coupled one-group equations for each energy mesh, with account taken of sources due both to the true source and to the elastically or inelastically scattered neutrons. The scattering source may be evaluated in a way manner similar to that successively used in earlier studies (15)(16) based on direct numerical integration of the scattering integral through the application of quadrature schemes such as Gaussian, Neuton-Cotes and mechanical.
Anisotropic scattering of neutrons is taken into account for elastic scattering treatment by expanding in Legendre polynomials the angular distribution function of scattering, while for inelastic scattering we assume isotropic scattering in the laboratory system.
In Chap. III we will present several illustrations of calculations in comparison with analytical solutions for the unscattered fluxes in plane, spherical and two-dimensional cylindrical geometries, and with experimental spectra in graphite-, polyethylene-and watermedium for spherical and finite-cylindrical geometries.
II. FORMULATION OF THE INTEGRAL
TRANSPORT EQUATION
General Forms of the Equation
Referring to Fig. 1 To calculate the integral on the right-hand side of Eq. (6) by a formula for numerical integration, we must specify discrete variables for the continuous energy and direction variables of interest keeping in mind the concept of the discrete ordinates method. Let the on the cosine of. the polar angle in the region (-1, 1). We may then adopt the zeros of discrete points on the azimuthal angle, and as a choice for these points we may devide choose a center point in each interval for each p-level of the polar angles (see Fig. 2 (2) Evaluation of Eq. (7) As mentioned earlier the scattering integral choice of geometry, and this term has already been calculated, while now Eq. (7) does depend on the choice of geometry, and it will be treated with reference to a generalized geometry and calculated on the basis of the following two assumptions with respect to the spatial variable:
(1) The spatial interval (r', r) that interval, and (2) the scattering integral a linear function in the interval (r', r). Consequently the neutron path R is defined speciWe apply the assumption (2) to reformulate Rewriting the unknown factors a(r) and b(r) by using the relations Eq. (7) 
III. COMPARISONS OF NUMERICAL CALCULATIONS WITH ANALYTICAL AND EXPERIMENTAL RESULTS
Several calculations have been performed for various geometries such as plane, spherical and two-dimentional cylindrical. The results have been compared with analytical solutions and with experimental data to verify the accuracy of the method and of the PAL-LAS program for unscattered flux and angular neutron flux spectra in graphite, polyethylene and water media, these being the most fundamental quantities, while the relation between angular flux spectrum and position can provide all the information needed to compute integral quantities in the shield. The measured spectra are taken from the experimental result (22) by Profio et al., which was performed by means of the pulsed-source, time-of-flight method. In the PALLAS calculation the source was represented as an outward-directed emitter on a surface of 4.45cm radius, which was precisely the same condition as that of the 05R calculation (22) , and besides the source spectrum and its angular distribution were made to coincide with those of the same calculation, except for the angular distribution of the radial direction, which was determined inversely from the attenuation of high energy neutrons in the measured spectra. The calculation was. performed for 80cm radius graphite with 31-group P, cross section (0.4 to 8.09 MeV) obtained from ENDF/B data, in a computing timeof 4min. The spectra illustrated in Figs. 6 and 7 have not been normalized, and yet excellent agreement is seen between measurement and calculation, the only discrepancies the higher energy region at R=35.6cm. Figure 8 shows another comparison on angular neutron flux spectra from a fission source in polyethylene.
The experiment(23) was carried out with, the use of an uranium target of approximately 110cc volume, irradiated with a pulsed beam of 45 MeV electrons. and measured with time-of-flight technique The source and the geometry used in the PALLAS calculation were, made to coincide exactly with those of the NIOBE calculation(23), i.e., a constant isotropic source of 3cm radius uranium with identical source spectrum, and 2.08cm thick air gap, with 5.08 cm thick polyethylene covering the source.
The time required for the calculation was about 10min for 42-group, 0.1 lethargy interval P9 cross section (0.12 to 7.32 MeV) obtained from ENDF/B data for hydrogen and carbon, and from UNC data(24) for uranium. The PALLAS calculated spectra have been normalized to a single point at 0.12 MeV on the exdiscrepancy is discernible in the higher energy
In order to ascertain the validity of the two-dimensional cylindrical geometry version of the PALLAS code, another comparison was performed, this time on the angular fast neutron spectra in water shield. (26) on the water pool of the Bulk Shielding Reactor 1. The sources assumed in the PALLAS calculations were such that: for the spherical reactor configuration the neutron-source density along the radial distance was made perfectly identical with that used in the NIOBE calculation (26) , while for the finite cylindrical reactor configuration the neutron-source density along the cylinder axis (26cm long, being half the source cylinder axis length) was made to coincide exactly with that along the radial distance of the sphere figuring in the foregoing case, and the density along a radius of the cylinder (20.4cm overall radius) was set at a constant value of 1.0, the same power as that of the spherical source being adopted. The calculations were performed with 0.1 lethargy intervals (1.34 to 14.75 MeV, 25 group) for the spherical geometry, and with 0.2 lethargy in-The calculated spectra in the two-dimensional cylindrical geometry are those relevant to the cylindrical axis.
The spectra have not been normalized. Fig. 9 Comparison of PALLAS-calculated and measured (25) spectra in water tervals (2.0 to 12.08MeV, 10 group) for the cylindrical. The computing times required for these calculations were respectively 10.8 and 20.1min.
All the nuclear data for the calculations were taken from ENDF/B.
The spectra illustrated in Figs. 9 and 10 have not been normalized, but excellent agreement is seen between all corresponding curves and plots of deep penetrations in the calculated spectra by the spherical version, which seems to be due to the narrow dips of the total cross section of oxygen. It is seen from Fig. 10 that the calculated spectra with the cylindrical system represent values slightly higher than with the spherical system, which can be attributed to the effect of the edge of the cylindrical source.
The calculated spectra in the two-dimensional cylindrical geometry are those relevant to the cylindrical axis.
The spectra have not been normalized. 
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